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We propose a statistical consistency test for Kerr black hole parameters inferred from independent
observational sectors. In General Relativity, a stationary black hole spacetime is fully characterized
by its mass and spin (M,a), so different measurements of the same object should yield consistent
parameter estimates within their uncertainties. We combine sectoral estimates into a single param-
eter vector and define a residual with respect to a common best-fit value. Using the associated
covariance matrix, we construct a quadratic form that measures the level of disagreement between
sectors. Under standard Gaussian assumptions, this statistic follows a χ2 distribution, which allows
us to quantify the significance of any observed inconsistency. This framework provides a simple and
general way to test whether independent observations are compatible with a single Kerr spacetime.
We discuss the underlying assumptions and outline possible extensions, including applications to
simulated or observational data.

I. INTRODUCTION

Black holes provide one of the most direct tests of Gen-
eral Relativity in the strong-field regime [1, 2]. In the case
of stationary black holes, the Kerr solution predicts that
the spacetime is fully characterized by only two parame-
ters, mass M and spin a [3].

Different observational methods probe these parame-
ters through distinct physical processes. Gravitational
wave signals constrain the dynamical evolution of com-
pact objects [4], while imaging and orbital measurements
probe the geometry of the spacetime in complementary
regimes [5, 6]. Although these approaches rely on differ-
ent data and modeling assumptions, they are expected
to describe the same underlying spacetime.

In practice, independent measurements may differ due
to statistical uncertainty, systematic effects, or limita-
tions in the modeling of the data. This raises the question
of how to assess whether such differences are consistent
with a single Kerr spacetime.

We introduce a covariance-weighted statistical test
that quantifies the consistency of Kerr parameter es-
timates across independent observational sectors. The
method combines sectoral estimates into a unified pa-
rameter vector and evaluates their agreement using a
quadratic form defined by the covariance matrix.

Under standard Gaussian assumptions, the resulting
statistic follows a chi-square distribution, allowing the
significance of any observed disagreement to be quanti-
fied in a well-defined way. More generally, the framework
provides a simple approach to comparing parameter es-
timates obtained from different observational probes and
can be applied to simulated data and, in principle, to
future multi-messenger observations [7–9].
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II. FRAMEWORK

A. Parameter Estimates and Sectors

We consider a set of K observational sectors, each pro-
viding an estimate of the Kerr parameters based on dis-
tinct physical probes [2]. For each sector k = 1, . . . ,K,
we define the parameter vector

θk =

(

Mk

ak

)

∈ R
2,

where Mk and ak denote the inferred mass and spin.

Each θk is treated as a random vector representing the
outcome of an inference procedure, characterized by an
associated covariance matrix Σk. This statistical descrip-
tion reflects the standard treatment of parameter esti-
mation in gravitational-wave and astrophysical inference
[2, 4]. Although the estimates arise from different obser-
vational methods, they are assumed to correspond to the
same underlying spacetime under the null hypothesis of
a common Kerr solution.

To analyze the sectoral estimates jointly, we define the
stacked parameter vector

Θ =











θ1
θ2
...
θK











∈ R
2K ,

which embeds all sectoral estimates into a single param-
eter space.

This representation enables a unified statistical treat-
ment of the agreement between independent sectoral es-
timates, forming the basis for the consistency test intro-
duced in this work.
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B. Common Parameter and Residuals

Under the assumption that all sectors probe the same
underlying spacetime, we introduce a common parameter
vector

θ̄ =

(

M̄

ā

)

∈ R
2,

which represents a parameter value shared across all sec-
tors under the null hypothesis of a common Kerr space-
time.
To compare the sectoral estimates to this common pa-

rameter, we define the vector

Θ̄ =











θ̄

θ̄
...
θ̄











∈ R
2K ,

obtained by repeating θ̄ for each sector.
The residual vector is then defined as

r = Θ− Θ̄,

which measures the deviation of the observed sectoral es-
timates from the common parameter. By construction,
r = 0 corresponds to perfect agreement between all sec-
tors.
In this formulation, the common parameter θ̄ can be

interpreted as the maximum-likelihood estimate under
the assumption of a shared underlying spacetime. In the
case of independent sectors with Gaussian uncertainties,
this reduces to a covariance-weighted average of the in-
dividual estimates [2].

C. Covariance Structure

The statistical uncertainties associated with the
stacked parameter vector Θ ∈ R

2K are described by the
covariance matrix

C = Cov(Θ) ∈ R
2K×2K ,

which encodes the joint uncertainty of all sectoral param-
eter estimates.
In the absence of correlations between observational

sectors, the covariance matrix takes a block-diagonal
form,

C =











Σ1 0 · · · 0
0 Σ2 · · · 0
...

...
. . .

...
0 0 · · · ΣK











,

where each block Σk ∈ R
2×2 denotes the covariance ma-

trix associated with sector k.

Each block is given by

Σk =

(

σ2
M,k Cov(Mk, ak)

Cov(ak,Mk) σ2
a,k

)

,

which encodes the variances of the mass and spin esti-
mates as well as their correlation within the sector. This
representation corresponds to the standard Gaussian ap-
proximation of parameter uncertainties in astrophysical
inference [2].
This block-diagonal structure reflects the assumption

that the observational sectors are statistically indepen-
dent. More generally, correlations between sectors can be
incorporated by allowing for non-zero off-diagonal blocks
in C, resulting in a fully populated covariance matrix.
In all cases, C is symmetric and positive definite, en-

suring that the inverse C−1 exists and that the consis-
tency statistic is well-defined.

D. Consistency Statistic

To quantify the level of agreement between sectors, we
define the quadratic form

T 2 = rTC−1r,

where r ∈ R
2K is the residual vector and C ∈ R

2K×2K is
the covariance matrix of the stacked parameter vector.
This statistic measures the deviation of the sectoral es-

timates from the common parameter, weighted by their
covariance. In particular, it defines a quadratic form in-
duced by C−1, which acts as a metric on the parameter
space.
In this sense, T 2 corresponds to a covariance-weighted

distance (Mahalanobis distance) between the sectoral es-
timates and the common parameter, accounting for both
uncertainties and correlations [2]. Larger values of T 2 in-
dicate stronger disagreement between sectors relative to
their expected statistical variation.
Under the assumption that the residual vector is ap-

proximately Gaussian distributed, this statistic forms the
basis for a chi-square consistency test, as discussed in the
following section.

III. STATISTICAL INTERPRETATION

The statistic

T 2 = rTC−1r

provides a quantitative measure of the disagreement be-
tween sectoral parameter estimates. It corresponds to a
covariance-weighted squared distance, commonly known
as the Mahalanobis distance [10], evaluated with respect
to the common parameter.
Its interpretation follows from the statistical properties

of the residual vector r. Under the null hypothesis that



3

0 10 20 30 40 50 60 70
Consistency statistic T 2

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

Pr
ob

ab
ili

ty
 d

en
si

ty

Z=7:0¾
p=2:56e¡ 12

º=4

(a) Null density and extreme-tail region

Â24  density
7¾ tail probability
T 2crit =60:26

0 10 20 30 40 50 60 70
Consistency statistic T 2

10−11

10−9

10−7

10−5

10−3

10−1

Su
rv

iv
al

 p
ro

ba
bi

lit
y

S(T 2crit) = 2:560e¡ 12Z 1

T 2crit

f(x)dx=2:560e¡ 12

(b) Survival calibration
S(T 2) =P(Â24 ¸ T 2)
p=2:56e¡ 12

Gaussian-equivalent Â24  threshold calibration at 7:0¾

FIG. 1. Null distribution and survival function of the statistic
T 2 for ν = 4. Panel (a) shows the probability density, while
panel (b) shows the corresponding survival function on a log-
arithmic scale. The vertical dashed line indicates the critical
value corresponding to a chosen significance level, and the
shaded region highlights the corresponding tail region.

all sectors are consistent with a single underlying param-
eter, and assuming that the inferred parameters can be
approximated as Gaussian distributed (Laplace approx-
imation) [11], the residual vector is approximately dis-
tributed as a multivariate normal distribution centered
at zero. In this case, the quadratic form T 2 follows a
chi-square distribution,

T 2 ∼ χ2
ν ,

where ν denotes the number of degrees of freedom.
For K sectors with p parameters each, the number of

degrees of freedom is given by

ν = (K − 1)p,

corresponding to the dimension of the residual subspace.
In the case of three sectors and two parameters, this
yields ν = 4.
The chi-square distribution provides a natural way to

assess the statistical significance of an observed value of
T 2. Small values of T 2 indicate that the sectoral esti-
mates are consistent with a single common parameter
within their uncertainties, while large values correspond
to statistically significant deviations.
As shown in Fig. 1, the interpretation of T 2 is gov-

erned by the tail of the distribution. The survival func-
tion P (χ2

ν ≥ T 2) directly quantifies the probability of
observing a value at least as large as T 2 under the null
hypothesis. Large values of T 2 correspond to the extreme
tail of the distribution and therefore indicate that the
observed deviations are unlikely to arise from statistical
fluctuations alone.
Given a chosen significance level, the observed value of

T 2 can be compared to the corresponding critical value of
the chi-square distribution. If T 2 exceeds this threshold,
the null hypothesis of consistency is disfavored at the
chosen significance level.
It is important to note that this interpretation relies on

the Gaussian approximation of the underlying parameter
distributions. In cases where this approximation breaks

down, the chi-square behavior may no longer hold ex-
actly, and the resulting p-values should be interpreted
with caution.
Finally, the statistic does not identify the origin of any

inconsistency. A large value of T 2 may arise from statis-
tical fluctuations, systematic effects, or deviations from
the underlying model assumptions. Additional analysis
is therefore required to determine the source of any ob-
served discrepancy.

IV. SIMULATION STUDY

To illustrate the behavior of the statistic, we perform
a Monte Carlo simulation using synthetic sectoral esti-
mates. The goal is to verify that the statistic follows
the expected distribution under the null hypothesis and
responds quantitatively to controlled inconsistencies [2].
We choose a fiducial Kerr parameter vector

θ∗ =

(

M∗

a∗

)

=

(

10
0.6

)

.

For each sector k, synthetic estimates are generated ac-
cording to

θk = θ∗ + ϵk, ϵk ∼ N (0,Σk),

corresponding to the standard Gaussian (Laplace) ap-
proximation of parameter uncertainties used in astro-
physical inference [2, 4].
For simplicity, we adopt diagonal covariance matrices,

Σinsp =

(

0.302 0
0 0.052

)

,

Σring =

(

0.402 0
0 0.062

)

,

Σimg =

(

0.502 0
0 0.072

)

.

(1)

For each realization, we compute the covariance-
weighted estimate θ̄, the residual vector r, and the con-
sistency statistic

T 2 = rTC−1r.

We generate N = 2 × 105 realizations under the null
hypothesis. In this case, the statistic is expected to follow
a chi-square distribution with

ν = (K − 1)p = 4,

as discussed in Sec. III. The simulated distribution has
mean

⟨T 2⟩ ≈ 3.99,

and the fraction of realizations exceeding the 95% refer-
ence value

χ2
4,0.95 ≈ 9.49
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FIG. 2. Distribution of the consistency statistic T 2 obtained
from Monte Carlo simulations with N = 2× 105 realizations.
The blue histogram shows the null case, while the orange his-
togram corresponds to a biased simulation in which one sector
is shifted by approximately one standard deviation. The solid
black curve represents the theoretical χ2

4 distribution, and the
dashed line indicates the 95% reference value T 2

≈ 9.49. Un-
der the null hypothesis, the simulated distribution is consis-
tent with the expected χ2 behavior, while the biased case
exhibits a clear shift toward larger values.

is

P (T 2 > 9.49) ≈ 0.049.

To probe the sensitivity of the statistic, we introduce
a controlled bias in the imaging sector,

θimg = θ∗ +∆+ ϵimg, ∆ =

(

0.50
0.07

)

.

This corresponds approximately to a one-sigma shift in
both parameters. In this biased case, the distribution of
T 2 shifts toward larger values, and the exceedance frac-
tion increases to

P (T 2 > 9.49) ≈ 0.144,

as illustrated in Fig. 2.
These results confirm the expected behavior of the

statistic: it reproduces the predicted chi-square distri-
bution under the null hypothesis and provides a quanti-
tative measure of inconsistency when sectoral biases are
present.

V. DISCUSSION

Previous work has tested General Relativity by analyz-
ing individual observational sectors or by comparing spe-
cific predictions of the Kerr solution [2, 6]. The present
framework differs in that it provides a direct statistical
test of the joint consistency of independent parameter
estimates within a unified covariance-based approach.

The proposed framework provides a simple and general
way to assess the consistency of Kerr parameter estimates
across independent observational sectors. However, its
interpretation relies on several assumptions that should
be considered when applying the method.

A key assumption is that the inferred parameters can
be approximated as Gaussian distributed. This corre-
sponds to a Laplace approximation of the posterior near
its maximum, in which the uncertainty regions are de-
scribed by ellipses and fully characterized by their co-
variance matrices. Under this assumption, the statistic
T 2 follows a chi-square distribution. In cases where the
parameter distributions are strongly non-Gaussian, for
example due to parameter degeneracies or low signal-to-
noise ratios, this approximation may break down, and the
resulting p-values should be interpreted with caution. In
such situations, simulation-based calibration or methods
based on full posterior samples may provide a more ac-
curate characterization.

The framework also assumes that the covariance ma-
trix is accurately known. In practice, uncertainties in the
covariance estimation can affect the weighting of devia-
tions and therefore the resulting value of T 2. In particu-
lar, underestimating uncertainties may lead to artificially
large values of the statistic, while overestimating them
may reduce sensitivity to genuine inconsistencies.

In the simplest formulation, the covariance matrix is
taken to be block diagonal, corresponding to independent
observational sectors. However, correlations between sec-
tors may arise in realistic settings, for example through
shared data or modeling assumptions. Such correlations
can be incorporated by extending the covariance matrix
to include off-diagonal terms.

Another limitation is that the statistic quantifies the
presence of inconsistency but does not identify its origin.
A large value of T 2 may result from statistical fluctua-
tions, systematic effects, or deviations from the under-
lying model. Further analysis is therefore required to
distinguish between these possibilities.

At present, no single astrophysical black hole has been
measured with high precision across all observational sec-
tors considered here. The framework is therefore primar-
ily prospective. However, upcoming observations com-
bining gravitational wave measurements (e.g. LISA, Ein-
stein Telescope), imaging (ngEHT), and dynamical con-
straints may enable such consistency tests in the near
future.

Despite these limitations, the framework provides a
flexible and model-independent way to compare parame-
ter estimates across different observational probes. More
generally, it illustrates how consistency of spacetime ge-
ometry can be formulated as a quantitative statistical
test, and may be extended to applications involving sim-
ulated or observational data.
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VI. CONCLUSION

We have introduced a statistical framework to as-
sess the consistency of Kerr black hole parameter esti-
mates inferred from independent observational sectors.
By combining sectoral measurements into a unified rep-
resentation and evaluating their agreement through a
covariance-weighted quadratic form, the method provides
a simple way to quantify deviations relative to their un-
certainties.
Under standard assumptions, the resulting statistic ad-

mits a well-defined interpretation in terms of a chi-square
distribution, allowing for a direct assessment of statisti-
cal significance. The framework is general and can be
applied to any set of parameter estimates with associ-
ated covariance information.
While the method does not identify the origin of in-

consistencies, it provides a clear diagnostic for detecting
them. Future work may include applications to simu-
lated data, investigation of non-Gaussian effects, and ex-
ploration of connections to observational datasets.

Appendix A: Covariance-weighted estimate of the

common parameter

The common parameter θ̄ can be obtained by minimiz-
ing the quadratic form

T 2 = (Θ− Θ̄)TC−1(Θ− Θ̄),

with respect to θ̄. This corresponds to a weighted least-
squares or maximum-likelihood estimate under the as-
sumption of Gaussian uncertainties [2].
In the case of independent sectors with block-diagonal

covariance, this minimization reduces to a covariance-
weighted combination of the sectoral estimates. The so-
lution is given by

θ̄ =

(

K
∑

k=1

Σ−1
k

)−1(
K
∑

k=1

Σ−1
k θk

)

,

where Σk denotes the covariance matrix of sector k.
This expression shows that each sector contributes to

the common parameter with a weight determined by its

inverse covariance, such that more precise measurements
have a stronger influence on the combined estimate. In
this sense, θ̄ represents the optimal combined estimate
under the Gaussian approximation.

Appendix B: Explicit form of the covariance matrix

For three sectors, the covariance matrix is given by

C = Cov(Θ) ∈ R
6×6,

where Θ ∈ R
6 denotes the stacked parameter vector.

In the case of statistically independent sectors, C takes
a block-diagonal form,

C =





Σinsp 0 0
0 Σring 0
0 0 Σimg



 ,

with each block Σk ∈ R
2×2 representing the covariance

matrix associated with sector k.
Each block is explicitly given by

Σk =

(

σ2
M,k Cov(Mk, ak)

Cov(ak,Mk) σ2
a,k

)

,

which encodes the second moments of the parameter es-
timates within each sector.
The block-diagonal structure follows from the assump-

tion that the sectoral estimators are statistically inde-
pendent, such that

Cov(θi, θj) = 0 for i ̸= j.

More generally, correlations between sectors can be in-
corporated by allowing non-zero off-diagonal blocks,

C =







Σ1 Σ12 · · ·
Σ21 Σ2 · · ·
...

...
. . .






,

where Σij = Cov(θi, θj).
In all cases, the covariance matrix C is symmetric and

positive definite, ensuring the existence of C−1 and the
well-definedness of the quadratic consistency statistic.
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